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An Explisit Formula for Angles between Subspaces of an n-Inner
Product Space

M. Nur 1*, H. Gunawan 2, O. Neswan 3
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Abstract — We discuss angles between two subspaces of an inner product space. This paper is an
extension of the work by Gunawan et al [7]. We present an explicit formula for angles between two
subspaces of an n-inner product space. Moreover, we study its connection with angles in an inner
product space.

Keywords: angles, inner product space, n-inner product space.

1. INTRODUCTION

In an inner product space, we can calculate angles between two subspaces. Since the 1950’s, the concept of angles
between two subspaces of the Euclidean space R? has been studied by many researchers [2]. Application of angles
between two subspaces in an inner product space can be found in the fields of computing and statistics. For example,
measuring the similarity of images of three-dimensional objects is invariant under the displacement of the object
and the physic of the camera [8]. In statistics, the angle between two subspaces is related to canonical (or principal)
angles which are measures of dependency of one set of random variables on another [1]. In 2001, Risteksi and
Trencevski [10] introduced a definition of angles between two subspaces of R% using determinant Gram and
explained their connection with canonical angles. Gunawan et al. [6,7] refined their definition and gave the
formulas for angles between two subspaces in an inner product space of arbitrary dimension. They also explained
the connection with canonical angles by using elementary calculus and linear algebra and some application
examples.

Let (X, (-,)) be a real inner product space. If U = span{u} is a 1-dimensional subspace and V' = span{v,,---,v,}
is a g-dimensional subspace of X, then the angle between subspaces U and V is defined by 6 with0 < 6 < g and

(wuy)?
lulllluyli?”
[7] showed that the value of cos 8 is equal to the ratio between the length of the projection of u on V and the length

2
cosf = In formula, uy denotes the (orthogonal) projection of u on V and ||-|| = (-,-)?. Gunawan et al

2 2
of u (cos@ = %) Likewise, if U = span{u, Wz,'“,Wp} and V = span{v, wz,---,wp} are p-dimensional

subspaces of X that intersects on (p — 1)-dimensional subspace W = span{w,,---,w,} with p = 2 then the value
of cos 6 is equal to the ratio between the volume of the p-dimensional parallelepiped spanned by the projection of
U, Wy, -, W, on V and the volume of the p-dimensional parallelepiped spanned by u, w, -, w, [7].

In this paper, we will give some explicit formulas for angles between two subspaces in various cases of an inner
product space of arbitrary dimension. This research is a further development of the work of Gunawan et al. In the
next section, we will formulate angles in an n-inner product space and will show the connection between angles in
an inner product space and in an n-inner product space.

2. METHODS

We have a method to obtain the result in this research. The first study, we study about angles between subspaces in
an inner product space and give some explicit formulas. After that, we will formulate angles in an n-inner product
space. To obtain the result, we use norm equivalent for showing the connection between angles in an inner product
space and in an n-inner product space.

3. RESULTS AND DISCUSSION

3.1 Angles between subspaces in an inner product space

In this subsection, we will discuss angles between subspaces in an inner product space. Let (X, (:,-)) be an inner
product space and consider the standar n-inner product
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(xox1) (xox2) - (xo%n)

<x0Ix1|x21"'lxn> = <x2'X1> <x2,xz> o (xz'xn>
<xn,x1) (xn,x2> (xn,xn>
1
as in [4,9]. Then, the following function |[|xi,...,x,[:= (xy,%;|x2,...,%,)2 defines the standard n-norm.

Geometrically, |[|xq,...,x,|| represents the volume of the n-dimensional parallelepiped spanned by x;,..., %,
(see[4,5]. Using definition in [7], we will determine an formula for the cosine of the angle between subspaces U
and V that intersects on subspaces W of (X, (-,-)) as follows.

Proposition 1. Let (X,(:,-)) be a real inner product space. If U = span{u,w;,--,w,.} is a 1 + r-dimensional
subspace and V = span{vy, -, Vg, Wy, -, W,} is a (q + r)-dimensional subspace of X that intersects on 7-
dimensional subspace W = span{wy,:--,w,.} with g, = 1 then the angle between subspaces U and V is 8 with

vyl |12
% where (1) and ujy; are the orthogonal complement of u¥and u, respectively, on W.
w

2
cos @ =
Proof. The projection of u on V is u”. Next, we may write u” = (u")y, + (u");}; where (u"),y is the projection of
u” on W and (u")yy is the orthogonal complement of u” on W. In line with this, we may write u = uy, + uj, where
uyy is the projection of u on W and ujy; is the orthogonal complement of u on W. Using the standard (1 + 7)-norm,
we obtain

cos? 9 = "uV'Wl"”‘WT”Lr — "(uV)W*'(uV)‘*/'Wi'”"WT"iw
T oluwewrlZe T [ugrudw e
1+r luw +ugywy - r||1+r
@ wy - wliZ )P
||u]J,‘V,W1,~--,Wr||%+T ”’I"L]J/_V”2

2

This formula tells us that the value of cos 8 is equal to the ratio between the length of the orthogonal complement
of u¥ on W and the length of the projection of u on W. More generally, the angle that intersects on subspaces W =
span{wy, -+, w, } of X is poured in following theorem:

Theorem 2. Let (X,(-)) be a real inner product space. If U = span{u,, -, u,, wy, - ,w,} is a (p +7)-
dimensional subspace and V = span{v,, -+, Vg, Wy, "=, Wy} is a (q + 1)-dimensional subspace on X withp < q that
intersects on r-dimensional subspace W = span{wy, ---,w,.} with r = 1 then the angle between subspaces U and
V is 6 with

2

2 I @pwl, . . . ,

= ﬁ, where (U} )y and (u;)yy are the orthogonal complement of u; and u;, respectively, on W
U uplw »

fori=1,--,p.

Proof. The projection of u; on V is uY. Next, we may write u! = (u))y, + (u})i}; where (u! ),y is the projection of
u! on W and (u})i; is the orthogonal complement of 1! on W. In line with this, we may write u; = () + (W)
where (u;)yy is the projection of u; on W and (u;)3y is the orthogonal complement of u; on W fori = 1, -, p. Using
the standard (p + r)-norm, we obtain

2 2

cos26 — e g wrwell L @D+ @Dw @R w+@pipwwell
- 2 - 2
lwrupwrwell, o l@Ow+@DE @p)w+@p)igwewel

i Gl

i b, willz ([, @)l

3.2 Angles between subspaces in an n-inner product space

In this subsection, we will discuss angles between subspaces in an n-inner product space and its connection with
angles in an inner product space. Let (X, (-, | -,...,")) be a real n-inner product space with n > 2. Fix a linearly
independent set {a,, ..., a,} in X with respect to {a,, ..., a,}, define the function (-,-)* by

.....

an inner product {-,-)*, we have a new standard n-inner product (-, | -,...,")" on X, namely
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(X0, %) (X0, %2)" = (X0, %n)"
(X0, X1 1%z, X)) = (2, 20)" (X, 22)" (X2, Xn)
) yreay . . . .
(X X)Xy X)X, X))
1
and a new standard n-norm ||x4, ..., X, || = ({(xq, x1]%2, ..., X)")2. Furthermore, one may also use an inner product

()" and its induced norm to study the angle between subspaces in an n-inner product space. As in [7] with the new
standard n-norm, we define the angle between subspaces in an n-inner product space.

Definition 3. Let (X,(-; |,...,7)) be a real n-inner product space. If U = span{uy,---,u,} is a p-dimensional
subspace and V = span{vy, -+, v,} is a q-dimensional subspace of X withp < q, then the angle between subspaces

V..V *)2
(resnis

(luaupl;)”

and ||+, -+ ||, denotes the standard p-norm on (X,{-,)").

U andV is defined by 8 with cos?8 = where u! denote the projection of wion'V for eachi = 1,--,p

According to Definition 3, for case p = q, we have an explisit formula the cosine of the angle 6 that can be obtained
as follows.

Proposition 4. Let (X,(.,|-...,)) be a real n-inner product space. If U = span{uy,-,u,} and V =
span{v,,---,v,} are p-dimensional subspaces of X then the angle between subspaces U and V is 8 with C(Z)s 6 =
(e )]’
(leaasplly) (ol

Proof. The projection of u; on V for i = 1,-+,p may be expressed as u! = Ziﬂ Qi Vg- Observe that

2 -

<u}/' uJV)* = (ui,u}/)* = qu i (U, Vi)

fori,j =1,---,p. Hence we have

22:1 A1g (ulﬂ vk>* 22:1 apk (ult vk>*

*)2
» =

(||u¥,...,ug : oo : .
Zi:l 250" <up'vk> Zz=1 Apk <up'vk)

all cee apl

(ulﬂ 171)* <u1, vp>*

<up,v1)* (up'vp)* Gp oy

Because of (u; v;)” = (u!,v,)* withi = 1, -, p, we obtain

(ug,v1)" - <u1:vp)* Uyp o Cap| Koy, vq)" o (171,171;)*
<up"71>* (up,vp)* Fp1 7 Gpp <Up'v1>* <Up'vp>*
Consequently, we have
(u1‘?71)* <u1-?7p>* :
(b b)) = (upop) (et [(uimy)])”

£\2 %\ 2 *\2 £\ 2 £\2"
(lexpll)” (lewrapll) (lowwply)” (lewpll) (loa-vpll,)
Next, we will determine a formula for the cosine of the angle between subspaces U and V that intersects on subspaces
W of (X,{ | +...,”)). The formula for the angle U = span{u, wy,---,w,.} and V = span{v,, -, v,, wy, -, W, } can
be obtained as follows.

Proposition 5. Let (X,{, |-,...,)) be a real n-inner product space. If U = span{u,wy, -, w,} is a (1 +1)-
dimensional subspace and V = span{v,, -+, vy, Wy, --,W;.} is a (q + r)-dimensional subspace on X that intersects
on r-dimensional subspace W = span{w;, ---,w,.} with r > 1 then the angle between subspaces U and V' is (0 <

(lay ")
£\ 2
(ol

6 < g), with cos?6 = where (u")3; and uj;; are the orthogonal complement of u” and u, respectively,

on W.

Proof. Writing u” = (u")y + (u")j and u = wy, + ujy and using the new standard (1 + 7)-norm, we obtain
_ (”uV' Wy, Wr”;+r)2 _ (”(uV)W + (uv)ﬂ-Vr Wy, rWr”;+r)2
(”ul Wy, Wr”;_+r)2 ”uW + u1J/-Vr Wy, W‘r”%+r

cos?6
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(luiy, wy, -, well74,)? (lupliH? -
More generally, using Definition 7 and following the proof of Theorem 4, the angle U = span{uy, --. up, wy, -+, W, }
and V = span{vy, -+, vy, Wy, -+, W;.} with p < g can be obtained as follows.

Theorem 6. Let (X, (-, | -,...,")) be a real n-inner product space. If U = span{uy, -+, up, Wy, , Wy} is a (p +1)-

dimensional subspace and V = span{v,, -+, Vg, Wy, "=, Wy-} is a (q + 1)-dimensional subspace on X withp < q that

intersects on r-dimensional subspace W = span{wy, ---,w,.} with v = 1 then the angle between subspaces U and
i\ 2

(lasdy @byl

(s upyi )

and u;, respectively, on W fori =1,--,p.

Vis (00 < g) with cos?6 = 5, where (W), and (w;)iy are the orthogonal complement of u)

Before we discuss the connection between angles in an inner product space and in an n-inner product space, we have
equivalent norm on (X, {+,-)) with norm ||-||* where {a,, ..., a, } are an orthonormal set on (X, (:,- | -,...,)) as follows.

Proposition 7. [6] Norm ||||* equivalent with the norm that corresponds to the inner product ||-|| on (X, (:,)).
Namely, , ||x|| < |lx||* < Vnllx|| for every x € X.

From this proposition, we have the connection between angles in an inner product space and in an n-inner product
space, namely

Theorem 8. If 0 is the angle between subspaces U and V of (X,{:,")) and 0" is the angle between subspaces U and

Vof (X, | ey D withdimU=1+r,dimV=q+rforq=1landdim (UNV)=rforr =1 then
%COSZQ < c0s%6* < ncos?6.

Proof. Writing U = span{u,wy,---,w,.}, V = span{vy, -+, vy, wy, -, w,.} and U NV = span{wy, ---,w, }. Next,

using Proposition 7, we have
1wl _ Ale)wIM)? _ al@)wll?

nllugl? = AlugllD? = llugl?
with (u")3; and uji, are the orthogonal complement of u” and u, respectively, on W. According to Proposition 1
%y 2
2 @)y 2 ik |12 .1 .
and 3, we have cos8* = % and cos 6 = % Hence, we obtain ;COSZG < c0s?8* < ncos?0.
ujy Uw

2 2
By Theorem 8 for = 1, the value of cos 8" is equal to the value of cos 6. Nevertheless, the upper bound of cos 6*
for n > 2 is inappropriate because its value is greater than 1. If cos 8 = 1 then the lower bound of cos 8" is %

4. CONCLUSIONS

We have given a formula for angles between two subspaces U and V that intersects on subspaces W of an inner
product space of arbitrary dimension. Moreover, we have given a formula for angles in an n-inner product space.
Using this result, we have proved the connection between angles between two subspaces U and V in an inner product
space and in an n-inner product space where dim U=1+r, dim V=q+r forq = 1 and dim (UNV) =r for
r = 1. Acknowledgement. The research is supported by ITB Research and Innovation Program 2017.
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